In this article, we take the Zc(3900) and Z(4430) as the ground state and the first radial excited state of the axial-vector tetraquark states with J P C = 1 +− , respectively, and study their masses and pole residues with the QCD sum rules by calculating the contributions of the vacuum condensates up to dimension-10 in a consistent way in the operator product expansion. The numerical result favors assigning the Zc(3900) and Z(4430) as the ground state and first radial excited state of the axial-vector tetraquark states, respectively.
Introduction
In 2007, the Belle collaboration observed a distinct peak in the π ± ψ ′ invariant mass distribution in the B → Kπ ± ψ ′ decays with the statistical significance of 6.5σ, the mass and width are M = (4433 ± 4 ± 2) MeV and Γ = 45 
+74
−56 MeV with a significance of 6.4σ from a Dalitz plot analysis of the decays B → Kπ + ψ ′ [2] . In 2013, the Belle collaboration performed a full amplitude analysis of the B 0 → ψ ′ K + π − decays to constrain the spin and parity of the Z(4430) − , and observed the J P = 1 + hypothesis is favored over the 0 − , 1 − , 2 − and 2 + hypotheses at the levels of 3.4σ, 3.7σ, 4.7σ and 5.1σ, respectively [3] . Recently, the LHCb collaboration analyzed the B 0 → ψ ′ π − K + decays by performing a four-dimensional fit of the decay amplitude using pp collision data corresponding to 3fb −1 collected with the LHCb detector, and provided the first independent confirmation of the existence of the Z(4430) − resonance and established its spin-parity to be 1 + . The measured mass and width are M = 4475 ± 7 +15 −25 MeV and Γ = 172 ± 13 +37 −34 MeV, respectively [4] . There have been several tentative assignments of the Z(4430), such as the threshold effect [5] , molecular state [6] , tetraquark state [7, 8, 9] , baryonium [10] , hadro-charmonium state [11] , etc.
In 2013, the BESIII collaboration studied the process e + e − → π + π − J/ψ and observed a structure Z c (3900) in the π ± J/ψ mass spectrum with a mass of (3899.0 ± 3.6 ± 4.9) MeV and a width of (46±10±20) MeV [12] . Then the structure Z c (3900) was confirmed by the Belle and CLEO collaborations [13, 14] . R. Faccini et al tentatively identify the Z c (3900) as the negative charge conjugation partner of the X(3872) [15] , other assignments, such as molecular state [16] , tetraquark state [17] , hadro-charmonium [18] , rescattering effect [19] , are also suggested. In Ref. [20] , L. Maiani et al take the Z(4430) as the first radial excitation of the Z c (3900) according to the analogous decays,
The mass differences are M Z(4430) − M Zc(3900) = 576 MeV and M ψ ′ − M J/ψ = 589 MeV, so it is natural to take the Z(4430) as the first radial excitation of the Z c (3900) [21] . The QCD sum rules is a powerful nonperturbative theoretical tool in studying the ground state hadrons [22, 23] . In Refs. [24, 25] , we focus on the scenario of tetraquark states, calculate the vacuum condensates up to dimension-10 in the operator product expansion, study the diquark-antidiquark type scalar, vector, axial-vector, tensor hidden charmed tetraquark states and axial-vector hidden bottom tetraquark states systematically with the QCD sum rules, and make reasonable assignments of the X(3872), Z c (3900), Z c (3885), Z c (4020), Z c (4025), Z(4050), Z(4250), Y (4360), Y (4630), Y (4660), Z b (10610) and Z b (10650). In Ref. [26] , we focus on the scenario of molecular states, calculate the vacuum condensates up to dimension-10 in the operator product expansion, study the scalar, axial-vector and tensor hadronic molecular states with the QCD sum rules, and make tentative assignments of the X(3872), Z c (3900), Y (3940), Y (4140), Z c (4020), Z c (4025), Z b (10610) and Z b (10650). In Refs. [24, 25, 26] , we explore the energy scale dependence of the hidden charmed (bottom) tetraquark states and molecular states in details for the first time, and suggest a formula
with the effective masses M Q to determine the energy scales of the QCD spectral densities in the QCD sum rules, which works very well.
In this article, we extend our previous work on the X(3872), Z c (3900), Z c (3885) [24] , focus on the scenario of tetraquark states, take the Z c (3900) and Z(4430) as the ground state and first radial excited state of the axial-vector tetraquark states with the symbolic quark structure
, and study them with the QCD sum rules.
The article is arranged as follows: we derive the QCD sum rules for the masses and pole residues of the axial-vector tetraquark states Z c (3900) and Z(4430) in section 2; in section 3, we present the numerical results and discussions; section 4 is reserved for our conclusion.
QCD sum rules for the J
In the following, we write down the two-point correlation function Π µν (p) in the QCD sum rules,
the i, j, k, m, n are color indexes, the C is the charge conjugation matrix. We choose the current J µ (x) to interpolate the J P C = 1 +− diquark-antidiquark type tetraquark states Z c (3900) and Z(4430). Under charge conjugation transform C, the current J µ (x) has the property,
which originates from the charge conjugation properties of the scalar and axial-vector diquark states,
We can insert a complete set of intermediate hadronic states with the same quantum numbers as the current operator J µ (x) into the correlation function Π µν (p) to obtain the hadronic representation [22, 23] . After isolating the ground state and the first radial excited state contributions from the pole terms, which are supposed to be the tetraquark states Z c (3900) and Z(4430), we get the following results,
where the pole residues λ Z are defined by
the ε µ are the polarization vectors of the axial-vector mesons Z c (3900) and Z(4430). The current J µ (x) has the J P C = 1 +− , the Z c (3900) and Z(4430) also have the J P C = 1 +− according to the decays Z c (3900
The final states J/ψπ ± and ψ ′ π ± indicate that the Z c (3900) and Z(4430) must have some ccud or ccdū components at the quark level. The current J µ (x) couples potentially to the Z c (3900) and Z(4430). On the other hand, the current J µ (x) has non-vanishing couplings with the scattering states DD * , J/ψπ, J/ψρ, · · · [27] . The coupling to the intermediate scattering states DD * , J/ψπ, J/ψρ, · · · modifies the hadronic states Z c (3900) and Z(4430) through self-energy corrections [24] . The renormalized self-energies contribute a finite imaginary part to modify the dispersion relation [24] ,
where the physical widths Γ Zc(3900) M 
+37
−34 MeV are not very large, the zero width approximation in the hadronic spectral densities works [28] .
We carry out the operator product expansion to the vacuum condensates up to dimension-10 and take the assumption of vacuum saturation for the higher dimension vacuum condensates. The condensates qg s σGq are very small, and they can be neglected safely. For the technical details, one can consult Ref. [24] .
Once the QCD spectral densities are obtained, we can take the quark-hadron duality below the continuum threshold s 0 and perform Borel transform with respect to the variable P 2 = −p 2 to obtain the following QCD sum rule:
One can consult Ref. [24] for the explicit expression of the QCD spectral density ρ(s). In Ref. [29] , M. S. Maior de Sousa and R. Rodrigues da Silva introduce a new approach to calculate the masses and decay constants of the ground state and first radial excited state with the QCD sum rules. Furthermore, they study the masses and decay constants of the ρ(1S, 2S), ψ(1S, 2S), Υ(1S, 2S) as an application, and observe that the ground state masses are smaller than the experimental values, which is explained as a shortcoming of this approach. In this article, we apply the approach to study the heavy tetraquark systems, and resort to the energy scale formula
where the effective c-quark mass M c = 1.8 GeV [24, 25, 26] , to overcome the shortcoming [29] .
In the following, we will repeat the steps and write the expressions in a compact form. Now let us introduce the notations τ =
n , and use the subscripts 1 and 2 to denote the ground state (Z c (3900)) and the first excited state Z(4430), respectively, then the QCD sum rule can be written as
We differentiate the QCD sum rule with respect to τ to obtain
Now we have two equations, it is easy to obtain the sum rules,
where i = j. Again we differentiate above QCD sum rules with respect to τ to obtain
The squared masses M 2 i satisfy the following equation,
where
i = 1, 2, j, k = 0, 1, 2, 3. The solutions are
3 Numerical results and discussions In the article, we take the M S mass m c (m 2 c ) = (1.275 ± 0.025) GeV from the Particle Data Group [27] , and take into account the energy-scale dependence of the M S mass from the renormalization group equation,
where t = log
, Λ = 213 MeV, 296 MeV and 339 MeV for the flavors n f = 5, 4 and 3, respectively [27] .
The mass and width from the LHCb collaboration are M Z(4430) = 4475 ± 7
+15
−25 MeV and Γ Z(4430) = 172 ± 13 +37 −34 MeV, respectively [4] , we can take the continuum threshold parameter as √ s 0 = (4.7 − 4.9) GeV tentatively to avoid the contaminations from the higher resonances and continuum states, here we have assumed that the energy gap between the first radial excited state and the second radial excited state is about (0.3 ± 0.1) GeV, which is smaller than the energy gap (0.5 ± 0.1) GeV between the ground state and the first radial excited state. If we take the Borel parameter as T 2 = (2.7 − 3.3) GeV 2 , the pole contribution is (55 − 80)% ((64 − 86)%) at the typical energy scale µ = 1.5 GeV (µ = 2.7 GeV). In Ref. [24] , we take the parameters √ s 0 = (4.3−4.5) GeV, T 2 = (2.2 − 2.8) GeV 2 and µ = 1.5 GeV to study the ground state Z c (3900), the two criteria (pole dominance and convergence of the operator product expansion) of the QCD sum rules are fully satisfied. In the present case, if we take the parameters √ s 0 = (4.7−4.9) GeV, T 2 = (2.4−3.8) GeV 2 and µ = 1.5 GeV, the two criteria of the QCD sum rules are also satisfied. Firstly, we choose the continuum threshold parameter as √ s 0 = (4.7 − 4.9) GeV and the Borel parameter as T 2 = (2.4 − 3.8) GeV 2 , take the masses M Zc(3900) = 3899 MeV and M Z(4430) = 4475 MeV as input parameters, fit the pole residues λ Zc(3900) and λ Z(4430) as free parameters with the MINUIT, and obtain the results,
at the energy scale µ = 1.5 GeV and λ Zc(3900) = (3.5125 ± 0.4098) × 10
at the energy scale µ = 2.7 GeV. In Ref. [24] , we obtain the mass and pole residue of the Z c (3900) with the single pole QCD sum rules, M Zc(3900) = 3.91 +0.11 −0.09 GeV , λ Zc(3900) = 2.20
The value of the pole residue λ Zc(3900) obtained in the present work at the energy scale µ = 1.5 GeV is compatible with that of Ref. [24] . In Fig.1 , we plot the central values of the Borel transformed correlation function Π(T 2 ) at both the QCD side and the hadron side at the energy scale µ = 1.5 GeV. From the figure, we can see that the two curves coincide, the fitting is excellent, on the other hand, the corresponding two curves also coincide at the energy scale µ = 2.7 GeV. At the two typical energy scales µ = 1.5 GeV and 2.7 GeV, we can take the masses of the Z c (3900) and Z(4430) as basic input parameters, and choose suitable pole residues to reproduce the Borel transformed correlation function Π(T 2 ) at the QCD side. The QCD sum rules favor assigning the Z(4430) as the first radial excitation of the Z c (3900) with the J P C = 1 +− . In Refs. [24, 25, 26] , we calculate the vacuum condensates up to dimension-10 in the operator product expansion, study the hidden charmed (bottom) tetraquark states and molecular states systematically with the QCD sum rules, and explore the energy scale dependence of the hidden charmed (bottom) tetraquark states and molecular states in details for the first time, and suggest a formula
to determine the energy scales of the QCD spectral densities. In the present case, if we resort to the formulaes in Eqs. (15) (16) (17) (18) (19) to study the masses and pole residues of the Z c (3900) and Z(4430) as the ground state and the first radial excited state of the J P C = 1 +− tetraquark states, respectively, the optimal energy scales are µ = 1.5 GeV and 2.7 GeV for the QCD sum rules of the Z c (3900) and Z(4430), respectively, the shortcoming in Ref. [29] is overcome. At the energy scale µ = 1.5 GeV (2.7 GeV), we can obtain the physical value M Zc(3900) (M Z(4430) ), the associate value M (4430) (M Zc(3900) ) from the coupled Eqs. (18-19) is not necessary the physical value, and is discarded. Now we take into account the uncertainties and obtain the values of the masses and pole residues of the Z c (3900) and Z(4430), M Zc(3900) = 3.91 
at the energy scale µ = 2.7 GeV. Then we take the central values of the masses and pole residues, and obtain the corresponding pole contributions, pole Zc(3900) = (38 − 62)% ,
at the energy scale µ = 1.5 GeV and pole Zc(3900) = (34 − 56)% ,
at the energy scale µ = 2.7 GeV. The pole contribution of the Z c (3900) (Z(4430)) at the energy scale µ = 1.5 GeV (2.7 GeV) is a larger than that at the energy scale µ = 2.7 GeV (1.5 GeV), we prefer to extract the mass and pole residue of the Z c (3900) (Z(4430)) at the energy scale µ = 1.5 GeV (2.7 GeV) and discard the ones at the energy scale µ = 2.7 GeV (1.5 GeV), and refer to the values M Zc(3900) = 3.91 
from the QCD sum rule in Eq.(11) at the energy scale µ = 1.5 GeV, the small variations of the M Zc(3900) and λ Zc(3900) can lead to rather large changes of the M Z(4430) and λ Z(4430) . In Eqs. (21) (22) , we take the experimental values M Zc(3900) = 3899 MeV and M Z(4430) = 4475 MeV as input parameters, so the fitted parameters λ Zc(3900) and λ Z(4430) are not as robust as the ones from the QCD sum rules in Eqs. (15) (16) (17) (18) (19) . We may expect to calculate the masses and pole residues of the ground state and the first radial excited state of the 1 +− tetraquark states at the same energy scale. In Fig.4 , the masses of the ground state and the first radial excited state are plotted with variations of the Borel parameters T 2 and energy scales µ. From the figure, we can see that the masses decrease monotonously with increase of the energy scales, it is impossible to reproduce the experimental values M Zc(3900) = (3899.0 ± 3.6 ± 4.9) MeV and M Z(4430) = (4475 ± 7 +15 −25 ) MeV at the same energy scale, just as in the case of the ρ(1S, 2S), ψ(1S, 2S) and Υ(1S, 2S) [29] .
In this article, we take the threshold parameters as √ s 0 = (4.7−4.9) GeV and Borel parameters as
the continuum states are greatly depressed. The predictions are not sensitive to the continuum threshold parameters, although the masses and pole residues increase with increase of the threshold parameters. At the Borel window T 2 = (2.7 − 3.3) GeV 2 , the masses and pole residues are rather stable with variations of the Borel parameters, platforms appear, so the predictions are reasonable. Now we perform Fierz re-arrangement to the current J µ both in the color and Dirac-spinor spaces and obtain the following result, 
are Okubo-Zweig-Iizuka (OZI) super-allowed, we take the decays to the (ππ) ± P final states as OZI super-allowed according to the decays ρ → ππ. We can search for the Z ± c (3900)(1 +− ) and Z ± (4430)(1 +− ) in those strong decays.
Conclusion
In this article, we take the Z c (3900) and Z(4430) as the ground state and the first radial excited state of the axial-vector tetraquark states respectively with the symbolic quark structure
[cd] S=1 , and study their masses and pole residues with the QCD sum rules by calculating the contributions of the vacuum condensates up to dimension-10 in a consistent way in the operator product expansion. The numerical result favors assigning the Z c (3900) and Z(4430) as the ground state and the first radial excited axial-vector tetraquark states, respectively. We can search for the Z c (3900) and Z(4430) in the OZI super-allowed decays listed in Sect.3 in the future.
